In this paper, we propose a method to obtain a constrained approximation of a rational Bézier curve by a polynomial Bézier curve. This problem is reformulated as an approximation problem between two polynomial Bézier curves based on weighted least-squares method, where weight functions ρ(t) = ω(t) and ρ(t) = ω(t) 2 are studied respectively. The efficiency of the proposed method is tested using some examples.
Introduction
Rational Bézier curves play a significant role in Computer Aided Design systems. However, the forms of derivatives are quite complex and integral * Email: shimao@snnu.edu.cn
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expressions may not exist for high-degree rational Bézier curves, so the problem of approximating rational functions with polynomials has been raised and studied. Sederberg and Kakimoto [1] presented the hybrid polynomial approximation to rational curves for the first time in 1991. Wang et al. [2] [3] presented Hermite polynomial approximations to rational Bézier curves and investigated the convergence condition for the polynomial approximation of rational functions and rational curves. Floater [4] constructed a high-order approximation of rational curves using polynomial curves. Lee [5] converted a polynomial approximation of a rational Bézier curve to control points approximation of two Bézier curves. An approximate solution was obtained by least-squares method. Huang [6] presented a simple method for approximating a rational Bézier curve with a Bézier curve sequence based on degree elevation. Recently, sample-based polynomial approximation of rational Bézier curves was investigated by Lu [7] , whose errors smaller than Huang's. Hu [8] proposed a reparameterization-based method for polynomial approximating rational Bézier curves with constraints.
In this paper, we propose a method to obtain a constrained approximation of a rational Bézier curve by a polynomial Bézier curve based on weighted least-squares [9] . The main idea is converting a polynomial approximation of a rational Bézier curve to an approximation between two Bézier curves so that control points of a Bézier curve can be obtained using linear equations.
Compared with the related works in paper [5] , [7] and [8] , our method is fast, stable and highly accurate to obtain some higher degree Bézier curves as well as don't need fix parameter λ.
The paper is structured as follows. Section 2 presents some basic concepts 2 and properties regarding the problem of the constrained Bézier approximation of a rational Bézier curve. Section 3 brings a complete solution to the problem formulated above in the L 2 norm. Section 4 presents some numerical examples to verify the accuracy and effectiveness of the method.
Preliminaries

Definitions and Properties
A standard-form nth degree rational Bézier curve is defined as follows [10] :
where
.., n, are control points, and ω i ∈ R + , i = 0, 1, ..., n, ω 0 = ω n = 1, are the scalar weights. Clearly, polynomial function ω(t) > 0.
The following are pertinent theorems used in this paper:
Theorem 1. The product of degree m Bernstein polynomials and its integral
where M = m j=1
Theorem 2. Let the two polynomials f (t) and g(t) of degree m and n with coefficients f m i and g n i be as follows
where 0 ≤ a < k ≤ m. Their product is a degree m + n polynomial
, there is a unique polynomial P n (x) of degree at most n to approximate f (x), such that
Statement of the approximation problem
The problem of approximating rational Bézier curves in equation (1) by constrained Bézier curves of arbitrary degree is that of finding control points q 0 , q 1 , ..., q m , which define a Bézier curve of degree m
such that the following two conditions are satisfied simultaneously:
1) Bézier curve Q(t) has the contact order (k, h) (k, h = 0, 1, 2) of continuity at both endpoints of the rational Bézier curve P(t).
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2) Given a weight function ρ(t) > 0, a distance function d ρ (P, Q) between P(t) and Q(t) in the L 2 norm is minimized, that is
and the control points
Clearly, in this paper the function ω(t) is a factor of function ρ(t).
In this paper,we shall study constrained polynomials approximation in the next section. For simplicity, assume that ρ(t) = ω(t) and ρ(t) = ω 2 (t) respectively.
Algorithm for constrained Bézier approximation
The approximation algorithm is completed through a two-step process.
First, we calculate the constrained control points of the approximation Bézier curve Q(t) by imposing the contact order in the condition 1). Next, we calculate other unconstrained control points by using the weighted leastsquares method, in order to satisfy condition 2).
Constrained conditions of the approximation curve
According to equation (1), we have
Taking the derivative of the above equation r(= 0, 1, 2) times, we obtain
Thus, we have the zero, first and second derivatives of P(t) at two endpoints (t = 0, 1), satisfying the following, respectively
Since the zero, first and second derivatives of Q(t) at two endpoints (t = 0, 1) can be described as
matching the function value and derivatives up to the second order at both 6 endpoints of P(t) and Q(t), the constrained control points of Q(t) are
Accordingly, Q(t) can be rewritten as
where q i (i = k + 1, k + 2, ..., m − h − 1) are the unknown control points and
3.2. Unconstrained control points of the approximation curve
When ρ(t) = ω(t), based on equation (6) we have
Substituting (7) into (8), we get
By deriving equation (9) based on theorems 1 and 2, we obtain
To easily evaluate the unknown points
we rearrange equation (10) 
Substituting (7) into (12), it yields
By deriving equation (13) based on theorems 1 and 2, we obtain
We rearrange equation (14) to obtain
Finally, by theorem 3, we conclude that the solution of linear system (11) and (15) is unique. They can be obtained by any methods introduced in [9] .
Error estimation and implementation
Since Another error for the approximation used here was given by Lu [7] . That is
Obviously, d max > d l 1 by Equation (16). Finally, for more details about error analysis of weighted least-squares we refer the reader to [11] .
There is a disadvantage for approximating rational Bézier curve by Bézier curve: when an original rational Bézier curve is convex, but the resulting Bézier curve may be non-convex. To deal with this problem, we use higher degree Bézier curve to reduce the approximation error (see Example 3). n maximum error Example 2 (Also Example 1 in [7] ). A rational Bézier curve of degree 7 is defined by the control points (0, 0), (0.5, 2), (1.5, 2), (2.5, .2), (3.5,.2), (4.5, 2), (5.5, 2), (6, 0) and the associated weights 1, 2, 1/3, 2, 2, 1/3, 2, 1. Table 2 . lists the errors obtained by the weighted least-squares and the Lu's method in [7] for n = 5, 6, ..., 18, respectively. By comparison for L 1 error , our algorithm can produce better approximation results than Lu's method as n = 7, 8, ..., 18. However, for maximum error, we find that ρ(t) = ω(t) method generated smaller error values than ρ(t) = ω 2 (t) method, but it is reverse for L 1 error. n maximum error Example 3. Consider a 4th-degree rational Bézier curve P(t) with control points (0, 0), (0.2, 1.5),(0.5, 1.0), (0.8, 1.5), (1, 0) and the associated weights 1, 0.06, 0.08, 0.05, 1. The nth-degree, n = 6, 7, ..., 23, Bézier curves Q(t) approximating P(t) with the contact order (1, 1) of continuity at two endpoints. Table 3 . lists the error obtained by ρ(t) = ω(t) and ρ(t) = ω 2 (t)
for n = 6, 7, ..., 25, respectively. For both maximum error and L 1 error, we find that ρ(t) = ω(t) method generated smaller error values than ρ(t) = ω 2 (t)
method. Fig 1. shows that the resulting C (1,1) -continuity approximation curve of degree 6 is nonconvex at near zero. Fig 2. shows that the given curve and the resulting curve of degree 18 are almost the same. n maximum error [8] ). The given curve is a rational Bézier curve of degree 8 with the control points (0, 0), (0, 2), (2, 10) , (4, 6) , (6, 6) , (11, 16), (8, 1), (9, 1), (10, 0) and the associated weights 1, 2, 3, 9 , 12, 20, 30, 4, 1. We find a 5th-degree Bézier curve with different continuity to approximate the given curve, see Table 4 . Here, the Hausdorff distance between curves P(t) and Q(t) is used. As shown in Table 4 . our method is better than Hu's method for C
(1,1) -continuity when ρ(t) = ω 2 (t). 
Conclusion
In this paper, we have proposed an algorithm for approximating rational
Bézier curves by weighted least-squares. From examples, we can find that approximation methods for ρ(t) = ω(t) and ρ(t) = ω 2 (t) have their advantages and disadvantages respectively. To obtain convex-reserving approximation and reduce the approximation error, higher degree Bézier curve is used in this paper. These two problems are still our future works. Especially, orthogonal polynomials are applied to solve problems .
